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Context: Generic vs Structured Problems

Timeline of matrix multiplication exponent
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Context: Generic vs Structured Problems

Hamiltonian simulation: e ~#

No fast-forwarding theorem: [Berry, Ahokes, Cleve, Sanders 07]
no sublinear-in-t simulation algorithm

N

~ Efficiently diagonalizable Hamiltonians e M = Ue™P'UT
Fast-Forwardable . .
Hamiltonians > (Commuting local Hamiltonians e HHI — Hje—lHﬂ [Atia, Aharonov'17]
~ Hamiltonians with integer spectra o—iHt _ ,—iH(tmod2n)

All Hamiltonians



Context: Generic vs Structured Problems

Linear system of equations: Au = b

\
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Condition Number

1000 [Harrow, Hassidim, Lloyd 09] [Childs, Kothari, Somma 15]
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All N X N matrices

[Costa, An, Sanders, et al. 22]

Classical: conjugate gradient method; O(Nsxlog(1/¢))



Context: Generic vs Structured Problems

Fast-Solvable

PDEs

All PDEs

Discretization

\4

Wavelet transform

* Efficiency
e Sparsity

+

Preconditioning

e Simplicity

Constant-coefficient 2nd order linear PDEs

d? d
dx? dx

+1

Slowly-varying-coefficient 2nd order PDEs

_4 (cosh (f) i) + eI

dx 4/ dx
Higher-order PDEs
d4
dx*

With mild conditions!
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The Rest

 \Wavelet bases, transformation, and preconditioning
* Fast-solvable differential equations

 The algorithm and its complexity



Wavelet basis

scaling function wavelet function wavelet function at a finer scale
sl /(@)L Lol ...
FVVVTVVY
Wavelet basis Fourier basis
* Locality in real and dual spaces f(x)
 Differentiability An ANANANANANNAN
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e Sparse representations ~\
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 Efficient preconditioning
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Wavelets zoo

Daubechies Coiflet Symlet CDF 5/3 CDF 9/7

| | | |
— = =

and many more!

\

Daubechies family

Index = 1 Index = 2 Index = 3 Index =4 Index = 12
- | | | |
\ ( /\Jf J\J& ‘AN ——\/\/\u J\r- o0 0

: !
[hOa hl] [h()a hla hza h3] [hOa hla hza h39 h49 hS] [h()a hla hza h39 h4a h59 h69 h7]

Specified by a sequence of numbers



Fourier vs wavelet transform

O(N logNN)

0(n?)

n =1logN

[Bagherimehrab, Aspuru-Guzik 23]
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Wavelet Preconditioning
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Fast-Solvable Differential Equations

ODEs (for simplicity)

Lu(x) = b(x)

fu() = ) 6o ()

s=0

B(u,v) = j u(x)Lv(x)dx

 Symmetric: B(u,v) =B(v,u)
 Bounded: B(u,v) < Cllull||v]|
 Coercive (or elliptic): B(u,u) = c||lu|?

O0<c<C(C

Sturm-Liouville Problems

d

Lot = — 2 (p() ) + 40

C;: <plx) <C, 0<q(x) <C;

* Poisson equation
p(x)=1  qx)=0

1D time-independent Schrodinger equation

p(x) =1 qx)=V(x)

e Helmholtz
p(x)=1  qx)=
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Algorithm and Complexity

Wavelet transform

Alu) =|b)
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Preconditioning

T~

PA PP~'W|u) = PW|b)
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Algorithm and Complexity
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Specification: efficiently computable
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Algorithm and Complexity
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Algorithm and Complexity
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Generalization to PDEs
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Summary & Outlook

» Quantum algorithm with complexity in polylog(/V), independent of k.

 Class of fast-solvable PDEs.

- Optimally preconditionable in an auxiliary wavelet basis.
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Limitations: z 100

S — without preconditioning

: : : S 1000| Wi . L

 The constant value for k could be large for practical applications. 3 with preconditioning ;

3

: : ‘ys 101 L

- Works for periodic boundary conditions. L. :

0 1000 2000 3000 4000

System Size

Outlook:

- Hybrid approach —— Purely wavelet approach.

 Applications with fully fleshed out procedure.
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