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** What is fault-tolerance?

¢ Fault-tolerant quantum error correction methods

¢ Universal Fault tolerant quantum computation
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Basis for n — qubit errors :

E=0,00,8®0,,0;c{lXY,Z}




QUANTUM CODES

Code parameters : [n k, d] t = !%]

Distance, rate(*/,,), useful for FTQC

9-qubit Hilbert space

7-qubit Hilbert space

5-qubit Hilbert space

[5,1,3]

[9,1,3] [7,1,3]




| STABLZERCODES
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| STABLZERCODES

n- qubit stabilizer code: [n, k, d] n-qubit Hilbert space

G=(6(1),6(2),6(3),,6G(n—k))

: Code subspace :

G%(i) =1
LABLE :
each subspace ——— e = (ey, e, ", €,_x) G(i) _clgenvalue (—1)¢

e = subspace syndrome

decomposes into 2

2™-D Hilbert space > disjoint eigenspaces, each of D =2k




| HOW TO DETECT ERRORS? |

code space syndrome : e = (00---0) n-qubit Hilbert space

change syndrome

action of P, on code space > e = aAG' \ / f

: Code subspace :

XIYZYl — (XIXIX1)(11ZZZ1) .

(101010) (001110)

P, = QXH4QZM+i > a:= (x4 24)
Xqg Zp+Zy-xp =0
G(i) = @XPQZ > g(D) = (xp } 2p)
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A= (O" g") adg()T =0 G




| WHAT IS FAULT-TOLERANCE? I

ERROR PROPAGATION :
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| FAUTTOLERANGE

XRI-XKX
ZRI->ZRI1
IXX->1RXKX
1XZ-72ZRZ

Faulty measurements can cause errors to cascade
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| How to avoid cascading? I

Transversal Gates

|111)|000) - |111)|111)
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| FAULT-TOLERANT ERROR CORRECTION METHODS

Error correction = Syndrome measurement(S. M.) + Recovery step

[¥) = al0) +B|1)
- [P)B|P)

[

v" Shor type (S.M. using Cat states)

v’ Steane type (S.M. using encoded blocks)

v" Knill type (S.M via Logical Teleportation)




| SHOR TYPE ERROR CORRECTION I

Syndrome measurement using Cat states :

Phase kickback trick :

w4 N DY —L 10)@[p) + 11)SU|)
H®I
l+) ——@)—H M = (]0) £ [1)|yp)——[0 or 1)Q|Y)

P.W. Shor, FTQC Proc. 35th Ann. Symp. on Foundations of Computer Science (IEEE Press, Los Alamitos, 1996)



| SHOR TYPE ERROR CORRECTION I

U=Xx%®*
P nN
Y %
—P N
—& N \V
O \
D
® (&)
HIi
|0) +|1) H (M [+ = (10)*+]1)%) ® ¢ (H)
—© v
® 4 4 _
Her(l0f + 1)) = > o) Koo~ ) = Y I
w(X)=even =ikl
] e = aAGT
after the complete syndrome e is measured > apply to correct the error

P.W. Shor, FTQC Proc. 35th Ann. Symp. on Foundations of Computer Science (IEEE Press, Los Alamitos, 1996)

D.P. DiVincenzo, PW. Shor, FTEC with efficient quantum codes, Phys. Rev. Lett. 77 (15) (1996)



| STEANE TYPE ERROR CORRECTION I

Ancillas — encoded using the same CSS QECC

To measure Z type generators :

B n
b, ..
Data block — ) ¢ Z(b) = ®Z Dy e 2, = (by, by, ..., by)
® =l
L. —
- — —W
o & ™
|+) =[0) + |1) - & M Measurement result - x, = (xq, X2, ..., X;,)
L b—(Mm

Eigenvalue of Z(b) — x, - z,

A.M. Steane, Active stabilization, Quantum computation, and Quantum State Synthesis, Phys. Rev. Lett. 78 (1997) 14



| STEANE TYPE ERROR CORRECTION I

7 — qubit code: 7,1, 3]

G(1) = IIIXXXX
G(2) = XIX1X1X
G(3) = IXXIIXX
G(4) =11ZZZZ

|5) = 10000000) + |0001111) + |0111100) + [1100110)
+/0110011) + |1010101) + |1011010) + [1101001)

G(5) = z1z1zlz |1 =[1111111)+|1110000) + [1000011) +[0011001)
G(6) = 1ZZ11ZZ +/1001100) + [0101010) + [0100101) + |0010110)
e
Data - .f
- @—¢ Binary vector
G(4) « »z), = (0001111)

AY
AY
AY
ANY
A ”4

0) + 1) -

TJ\AAAM\




| STEANE TYPE ERROR CORRECTION I

To measure X type generators :

— = T\ -

= VYV [ =

Data block — P - b, binary vector
P X(b)=®X’ > xp = (by, by, ..., by)
a i=l1
— (v
C—® Z~{H}—M)
|0) z %_@ Measurement result > z, = (24, 2y, ..., Z,)

- ——(H}-\)

Eigenvalue of X(b) — z, - x},




Universal Fault tolerant quantum computation

U(arbitrary unitary ) — How does this affect code stabilizers?

n-qubit Hilbert space

Sly) =ly)

USlyp) = Uly)

(USUNU|p) = Uly)
Usut - s

Clifford operators :

C, = {U|UQUT € ?n} — generators : {H,P,CNOT}

X7 X -1y
H'{Z—>X P'{Z—>Z

Universal gate sets for QC: {H, P,CNOT, Tﬂ/s}



| F-T IMPLEMENTATION OF CLIFFORD GROUP I

Fault-Tolerant Hadamard Gate :

H
H: switchesXandZ — S t If dualit __
switches X an — Symmetry — self duality i _ il
G(1) = IIXXXX G4) =1ZZZZ _ B L e
G(2) = XIXIXIX G(5) = Z1Z1Z1Z X = XXXl
G(3) = IXXIIXX G(6)=1ZZ11ZZ Z = ZZZIIll
Fault-Tolerant Phase Gate :
p. (XY —Z H Pt
|Z-1Z P{—{zHpr}— = —{pr}—
—1 7 F I pt
take care about overal phase — doubly-even codes ~
P must be a logical phase gate!! PZXZPT = —iY

P. W. Shor, “Fault-Tolerant Quantum Computation,” arXiv:quant-ph/9608012, (1996)



| F-T IMPLEMENTATION OF CLIFFORD GROUP I

Fault-Tolerant CNOT Gate :

are the only codes

CSS codes > for which bitwise CNOT is a valid F-T operation
a generic stabilizer: S = MN Py
|
CNOT P
MN X1l —— MNQQM
\I<>’\
SRUIL & IQS ~
S®L1—->S®S if SbeX — generator XQI-X®X
Z ®_]1 - Z7Z ®_]1
1®S—>SX®S if SbeZ — generator H®§_)E®)£
IRZ-ZRZ

Doubly-even self-dual CSS codes — The best class of codes for FTQC

P. W. Shor, “Fault-Tolerant Quantum Computation,” arXiv:quant-ph/9608012, (1996)



| GATE TELEPORTAATION AND UNIVERSAL FTQC I

7T
Tn/8 : {X - et /4 Xxpt

AR / data )
2 Cbits
Bell I
00) + |11) :
d t E .......................................... UQUT F
ata Bell 2 Cbits L L
- ! (IQU)(|00) + |11))
|00) + |11) < —
QRU (I®Tm;,)(100) + [11))

More efficient gate teleportation

U,0) = exp(—igZ)

|Ag) = U,(0)]+)

T1l'/8 = UZ(T[/4)

D. Gottesman & I. Chuang. Viability of universal QC using telep. and 1-qubit operations. Nature, 402:390-393,(199' 2

X. Zhou, D. Leung, and I. Chuang. Methodology for quantum logic gate construction. PRA, 62,052316(2000)
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