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Algorithmic quantum simulation

… the most natural application of quantum computers!

Prepare 
an initial 

state

Time 
Evolution

Measurement

Hamiltonian simulation problem

Given: Description of H
Evolution time t
Error tolerance ε

Task: 

e−iHt − U ≤ ε

Construct U by a sequence of “gates” such that

Goal: 

… ideally with a minimal cost as a function of ,  and parameters of .t ε H
Develop a resource-efficient simulation…
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Hamiltonian simulation as an algorithmic primitive

• Measurement as Hamiltonian simulation

f(A) = combination of Hamiltonian evolutions

• Quantum linear algebra [Harrow, Hassidim, Lloyd; 09]
[Childs, Kothari, Somma; 17]
…

[Knill, Ortiz, Somma; 07]

→Reduction in resource requirements scalable quantum simulation!
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Approaches for Hamiltonian simulation

•  Product formulas — the original approach! 

𝒪(t2/ε)

• Local Hamiltonians

• Cost:

Ω(t)

Sparse Hamiltonian

• No fast-forwarding!

𝒪(t1+1/2k /ε1/2k)

• Sparse Hamiltonians

• Cost:
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Approaches for Hamiltonian simulation

… and many others!
Plot from:  [Childs, Maslov, Nam, Ross, Su; 18]

•  Product formulas (PFs)

•  Quantum signal processing (QSP) [Low, Chuang; 17]

• Quantum walk [Berry, Childs; 12]

• Truncated Taylor series (TS) 
(Linear combination of unitaries)

[Berry, Childs, Cleve, 
Kothari, Somma; 12]
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Setup and assumptions

H = ∑
j

Hj = A + αB A ≈ BPartitions with similar norm:

Perturbed systems 

Non-perturbed systems 

α ≪ 1

α = 1

Lattice Hamiltonians, e.g., Hubbard model

Strong coupling:

Weak coupling:

Generic Hamiltonians of the form V ≪ TH = T + V 6



Product formulas (PFs)

⋯
t

τ τ = t/r

Total error

r 𝒪(ατ2) r = 𝒪(αt2/ε)→

r = 𝒪( α/ε t3/2)

⋯

r = 𝒪((α/ε)1/2k t1+1/2k)

𝒪(ατ3)S2(τ) =

S2k(τ) =

S4(τ) = 𝒪(ατ5)

𝒪(ατ2k+1)[S2k−2(τk)]2 S2k−2(τ′￼k)[S2k−2(τk)]2

e−iA τ
2 e−iαBτ e−iA τ

2

S2(τ2) S2(τ′￼2)S2(τ2) S2(τ2) S2(τ2)

[Suzuki; 92]

𝒪(ατ2)

e−iHτ

S1(τ) = e−iαBτe−iAτ

Step error
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Theory

Practice

Large gap between errors in theory and practice!

•  Perform much better in practice • No need for ancilla qubits

•  No complicated oracles

e−iA τ
2 e−iA τ

2e−iαBτ
e−iHτ ≈

Appealing features of product formulas

Corrected product formulas: 

remove the gap and have the same features!
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Corrected product formulas (CPFs)

⋯
t

τ

e−Ce+C PFSymplectic 
corrector

PF e+Ce+CSymmetric

e+C′￼e+C′￼ PF e−Ce+CComposite

e−Ce+C PF

r

PFe+C

r

e−C( ) ( )=

CPFs remove the gap and have the same features of PFs!

PFs in theory

PFs in practice

CPFs in theory 
and practice

e−iHτ
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Third-order term:

A symplectic corrector for PF2

Bj(x) : Bernoulli polynomial Bj(x) : Bernoulli polynomial 
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𝒪(ατ3) → 𝒪(α2τ3 + τ2k+3)
r → α r

Error: 

# of steps:



Corrected product formulas
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Low-order formulas are used in practice



Corrected product formulas
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PF2  k

CPF2k
Composite

Symplectic

Error• Suzuki’s product formulas

• Yoshida’s product formulas (YPFs)

: solutions of 
nonlinear equations
{ωj}



Compilation for correctors

eC = ∏
j

eajλAebjλB + Ecomp

aj, bj ∈ ℝ .•  For some

Ecomp ≤ ECPF .•  We want

 Compilations have applications beyond CPFs 

• Simulate time evolution for nested commutators

• Generate circuits to implement complicated U 
on a hardware with limited native gates
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eC Operator 
algebra eb1λBea1λA ebmλBeamλA⋯

  Compilation error and cost



Compilation for correctors

aj = j + 1

eC Operator 
algebra eb1λBea1λA ebmλBeamλA⋯

14Vandermonde system



Quantum hardware implementations

• Correctors provide improvement — even in the presence of hardware noise!
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•  Circuits with small width but large depth 
(maximum reliable circuit depth for hardware)

Depth: 100 – 200

W
id

th
: 2

 o
r 4•  Simple system: Ising model

•  Error metric:
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Quantum hardware implementation (2-site Ising model)
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Quantum hardware implementation (2-site Ising model)

PF2
CPF2

Quantum hardware implementations

IBM 127-qubit quantum hardware

•  Correctors

Hardware simulator (127-qubit)
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Conclusions

•  Product formulas —> a competitive approach for Hamiltonian simulation in practice. 

•  CPFs fills the gap between theoretical error bounds and empirical error of PFs.

•  Compilation for correctors is the key part of CPFs.

•  Useful algorithmic tool for quantum computers with limited resources.

•  CPFs could also be used in classical simulations, similar to PFs.

•  Construct better correctors (ideally symplectic) for high-order product formulas. 

•  Explore performance of CPFs in more practical settings: fixed input states or observables.

Future directions
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Thank you!
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Yoshida-based product formulas
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Hardware implementation
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Hardware implementation
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System: Nearest-neighbor Heisenberg model 
with a random magnetic field in the Z direction

• Periodic boundary conditions imposed.
• Random 
• Gate count in simulations are obtained by 

•
•

• Focus on the system-size dependence of 
quantum simulation algorithms.

hj ∈ [−1,1]

t = n
ε = 10−3

PF algorithm: PF4 with commutator scaling bound; 
Better of PF4 & PF6 with empirical error

QSP algorithm: segmented version with analytic error bound and 
the nonsegmented version with empirical Jacobi–Anger error bound

Backup: system and algorithm specification
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